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Abstract
With a certain natural topology, the fundamental group of a locally path connected metric space X becomes discrete if and only
if X is semilocally simply connected. We include some related material and offer a counterexample to a similar result.
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1. Introduction
The algebraic topology of locally complicated spaces is being investigated from various perspectives by a number
of authors including Biss [1], Cannon and Conner [2], Eda [3], Fisher and Zastrow [5,6], and the author [4]. Added
difficulty is created by the absence of such things as the Whitehead theorem or the familiar universal cover, and the
simplest questions about such spaces can be challenging to answer.
When are π1(X) and π1(Y ) isomorphic? When does π1(X) embed into the first shape group? What is the most
useful way to impart a topology on π1(X)? The answers vary with the context and we are collectively still in the early
stages of developing useful theorems and well understood examples.
This note responds to a misstep in [1] concerning the based fundamental group π1(X,p) endowed with the quotient
topology inherited from the space of based loops in X. It is claimed [1, Theorem 5.1] that π1(X,p) is discrete if and
only if X is semilocally simply connected. We offer a simple counterexample (Example 1) and repair the result with
the added hypothesis that X is locally path connected. Section 4 provides related examples and results which clarify
relationships among the cardinality of π1(X,p), discreteness of π top1 (X,p), and various local or global properties
of X. For example it follows from Mycielski’s conjecture (Shelah [9]) that if X is a Peano continuum then either X
has finitely generated discrete topological fundamental group G or X has non-discrete topological fundamental group
G having the power of the continuum (Theorem 10).
2. Definitions
Suppose X is a metrizable space and p ∈ X. Let Cp(X) = {f : [0,1] → X such that f is continuous and
f (0) = f (1) = p}. Endow Cp(X) with the topology of uniform convergence. (Since X is metrizable this coincides
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components of Cp(X) topologized with the quotient topology under the canonical surjection q :Cp(X) → π1(X,p)
satisfying q(f ) = q(g) if and only of f and g belong to the same path component of Cp(X).
Thus a set U ⊂ π top1 (X,p) is open in π top1 (X,p) if and only if q−1(U) is open in Cp(X).
A space X is semilocally simply connected at p if there exists an open set U such that p ∈ U and jU :U →
X induces the trivial homomorphism j∗U :π1(U,p) → π1(X,p). If X enjoys this property at each point then X is
semilocally simply connected. Roughly this means small loops in X are inessential but might bound large disks.
A topological space X is discrete if every subset is both open and closed. The space X is totally disconnected if
each component contains one point. The above definitions are consistent with those found in Munkres [7].
3. A counterexample
Theorem 5.1 [1] asserts that π top1 (X) is discrete if and only if the topological space X is semilocally simply
connected. Here is a counterexample.













∪ ([0,1] × {0})∪ ([0,1] × {1}).
Let p = (0,0). Consider the inessential map f which starts at (0,0), goes straight up to (0,1) and then comes
back down again. Notice we may construct essential maps fn ∈ Cp(X) such that fn → f uniformly. (Let fn trace a
rectangle with sides {0}× [0,1] and { 1
n
}× [0,1].) This shows that the path component of the constant map is not open
in Cp(X). Consequently π top1 (X,p) does not have the discrete topology. On the other hand, X is semilocally simply
connected since small loops in X are null homotopic in X.
4. Spaces with discrete topological fundamental groups
For path connected spaces, Theorem 5.1 [1] can be repaired with the added assumption that X is locally path
connected.
Theorem 2. Suppose X is a path connected, locally path connected, metrizable space. The following are equivalent:
(1) π top1 (X,p) is discrete for each p ∈ X.
(2) π top1 (X,p) is discrete for some p ∈ X.
(3) X is semilocally simply connected.
Proof. (2) ⇒ (1). Suppose {p,q} ⊂ X. The standard proof that π1(X,p) and π1(X,q) are isomorphic [7, Corol-
lary 2.2] shows these groups are homeomorphic [1, Proposition 3.2]. Trivially (1) ⇒ (2).
(1) ⇒ (3). Suppose p ∈ X. Suppose αn → P with αn ∈ Cp(X). Let F :Cp(X) → π1(X,p) denote the canonical
quotient map. Let P ∈ Cp(X) denote the constant map. Let [P ] denote the path component of P in Cp(X). Note P
is inessential. Since π top1 (X,p) is discrete and since F is continuous, [P ] is open in Cp(X). Thus eventually αn is
inessential.
(3) ⇒ (1). Suppose p ∈ X. To prove π top1 (X,p) is discrete it suffices to show that the path components of Cp(X)
are open. Suppose f ∈ Cp(X) and fn → f uniformly. We must prove that f and fn are path homotopic for sufficiently
large n.
Observation 1. Since X is locally path connected and since im(f ) is compact, for each ε > 0 there exists δ > 0 such
that if x ∈ im(f ) and d(x, y) < δ then there exists a path αxy from x to y such that diam(αxy) < ε.
Observation 2. Since X is semilocally simply connected and since im(f ) is compact, there exists ε > 0 such that if
x ∈ im(f ) and if αxx is any path from x to x such that diam(αxx) < ε and then αxx is null homotopic.
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Combining Observations 1, 2, and 3, for sufficiently large n we can manufacture a homotopy from fn to f described
roughly as follows. Observation 1 says we can connect f ( i2n ) and fn(
i
2n ) by a small path and we can connect f (
i+1
2n )
and fn( i+12n ) by a small path. Observation 3 says the restriction of f and fn to [ i2n , i+12n ] is small. Observation 2 says
the boundary of the rectangle with corners f ( i2n ), fn(
i
2n ), f (
i+1
2n ) and fn(
i+1
2n ) determines an inessential loop. Thus
we can fill in the homotopy across [ i2n , i+12n ] × [0,1]. 
Corollary 3. Suppose the metric space X is path connected and locally path connected. Then X admits a universal
cover (unique up to homeomorphism) if and only if π top1 (X,p) is discrete.
Proof. Corollary 14.5 [7] shows that X admits a universal cover (unique up to homeomorphism) if X is semilocally
simply connected. Conversely if X admits a universal cover, consider the projection of the disk bounding the lift of a
small loop in X. This shows X is semilocally simply connected. Now apply Theorem 2. (See also [10, Corollary 14,
p. 83]). 
Remark 4. Local path connectivity of X is only used in the 2nd part of the proof of Theorem 2. Thus all path
connected metric spaces with discrete topological fundamental group must be semilocally simply connected. On the
other hand, it is not necessary that X be locally path connected in order that π top1 (X,p) be discrete (consider the cone
over the Cantor set).
Example 5. Suppose X consists of uncountably many circles of radius 1 joined at a common point. Then π top1 (X) is
uncountable and discrete.
Remark 6. The notions “discrete” and “totally disconnected” are distinct for topological fundamental groups. Every
discrete space is totally disconnected. However the space X =∏∞n=1 S1 = S1 × S1 × · · · has topological fundamental
group canonically isomorphic and homeomorphic to the (non-discrete) totally disconnected space∏∞n=1 Z = Z×Z×· · · [1, Proposition 5.2].
Example 7. Suppose C ⊂ R × {0} is a Cantor set and X = C × [0,1] ∪ ([0,1] × {0,1}). Then π1(X) is uncountable
but X is compact, path connected, and semilocally simply connected.
Theorem 8. Suppose X is a connected separable metric space such that π top1 (X,p) is discrete. Then π1(X,p) is
countable.
Proof. Since X is a separable metric space, it follows from the proof of the Urysohn metrization theorem [7, Theo-
rem 4.1, p. 217] that X can be embedded as a subspace of the Hilbert cube Q =∏∞i=1[0,1]. The space C([0,1],Q)
is separable and metrizable and hence the subspace Cp(X) is separable. Since π1(X,p) is the continuous image
of Cp(X) the space π top1 (X) is separable. In particular, if π
top
1 (X,p) is discrete then π1(X,p) is countable since
π
top
1 (X,p) is the only dense subspace of π
top
1 (X,p). 
Remark 9. In Example 1, X is separable, π top1 (X,p) is not discrete, but π1(X,p) is countable and hence the converse
to Theorem 8 is false.
Theorem 10. Suppose X is a Peano continuum. Then π top1 (X,p) is discrete if and only if π1(X,p) is finitely generated.
Moreover π top1 (X,p) is not discrete if and only if π1(X,p) has the power of the continuum.
Proof. (Recall a Peano continuum is a compact, connected, locally path connected metric space.) From the conjecture
of Mycielski (proved in [8]) it follows that π1(X,p) is finitely generated or has the power of the continuum. Suppose
π1(X,p) is finitely generated. Then π1(X,p) is countable. The paper [8] shows that if X admits a sequence of essen-
tial loops fn based at q such that diam(fn) → 0 then π1(X,q) is uncountable. Thus X must be semilocally simply
638 P. Fabel / Topology and its Applications 154 (2007) 635–638connected at each point and hence by Theorem 2 π top1 (X,p) is discrete. Conversely suppose π
top
1 (X) is discrete. Then
by Theorem 2 X is semilocally simply connected at each point. The proof of Lemma 1 in [8] shows that π1(X,p) is
finitely generated. 
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